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Prove that in any acute triangle ABC with the sides a,b,c holds inequality
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Solution.

Let R, r, s be circumradius, inradius and semiperimeter of ABC, respectively, then

using cosine-theorem,sine-theorem and correlation abc  4Rrs we obtain
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 2RtanA  tanB  tanC  27r
s  tanA  tanB  tanC  tanA tanB tanC.

Since, by AM-GM inequality

3 3 tanA tanB tanC  tanA  tanB  tanC  tanA tanB tanC then 3 3  tanA tanB tanC.

Thus, it is enough to prove that 27rs  3 3  3 3 r  s 

6 3 r  a  b  c.

Applying again AM-GM inequality and Euler’s inequality R  2r we obtain

2s  a  b  c  3 3 abc  3 3 4Rrs  8s3  27  4Rrs 

2s2  27Rr  2s2  27  2r2  s  3 3 r  6 3 r  a  b  c.


